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1. Introduction 



Recall that if / is a meromorphic elliptic modular form of weight k for the group SL^Z), 
then for instance as a consequence of the Riemann-Roch theorem on modular curves we 
have 

(i) E ^ +«<-</) = £■ 



reSL 2 (Z 



Here EI denotes the complex upper half plane and w T the order of the stabilizer of r in 
PSL 2 (Z). One purpose of this note is to give a generalization of this formula to modular 
forms on the orthogonal group 0(2, p), which only depends on the Baily-Borel compacti- 
fication of the arithmetic quotient in question. Moreover, we show that certain integrals, 
occurring in Arakelov intersection theory, associated with modular forms on 0(2, p) con- 
verge. 

We now describe the content in more detail. Let (V, Q) be a non-degenerate real 
quadratic space of signature (2,p) and write G = 0(2, p) for its real orthogonal group. 
We denote the bilinear form corresponding to the quadratic form Q(-) by (•, •) such that 
Q(x) = ^(x,x). Recall that the Hermitean symmetric space corresponding to G can be 
realized as follows: Let Vc = V®^C be the complexification of V and P(Vc) the associated 
projective space. We extend the bilinear form (•, •) C-bilinearly to Vq and put 

JC = {[Z]eP(V c ); (Z,Z) = 0, (Z,Z)>0}. 

The set K, has two connected components. We chose one of them and denote it by Ti. The 
connected component G° of the identity of G acts transitively on 7i. The stabilizer K of 
a base point is a maximal compact subgroup of G° and the Hermitean symmetric space 
G°/K is isomorphic to Ti,. 

Let L C V be an even lattice, L' its dual, and write 0(L) for the integral orthogonal 
group of L. Throughout we let T C 0(L) n G° be a subgroup of finite index that acts 
freely on TC. By the theory of Baily-Borel BBj , the quotient Yp = F\TC is a (non-singular) 
quasi-projective algebraic variety over C of dimension p. It can be compactified by adding 
finitely many curves and points. The resulting normal complex space is denoted by Xr- 
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Let 7i C Vc — {0} be the cone over 7i. Let fceZ and \ a character of T. A meromorphic 
function F on 7i is called a meromorphic modular form of weight and character x f° r 
the group T, if 

i) F is homogeneous of degree —k, i.e. F(cZ) = c~ k F(Z) for any c G C — {0}; 

ii) F is invariant under T, i.e. F(gZ) = x{g)F(Z) for any g G T; 

iii) F is meromorphic at the boundary. 

By the Koecher principle the third condition is automatically fulfilled if the Witt rank 
of L, i.e. the dimension of a maximal isotropic subspace of L®zQ, is smaller than p. (Note 
that because of the signature the Witt rank of L is alway < 2.) 

Meromorphic modular forms of weight k with trivial character can be viewed as global 
rational sections of an algebraic line bundle Aik on Yp. If F is a modular form of weight 
k, then its Petersson metric is the function on TC given by 



This defines a Hermitean metric on the line bundle Aik- 

Let Q be the first Chern form of It is the (1, l)-form corresponding to the (up to a 
positive multiple) unique G°-invariant Kahler metric on TC. We denote by vol(lr) — f Y & p 
the volume of Yp. If D is a divisor on Yp, then we define its analytic degree by 



If D is an effective divisor, then the positivity of Q implies that deg Yr (D) G M>o U oo. 
Moreover, deg Yr {D) vanishes in this case, if and only if D = 0. (The proof of Lemma |S] 
will actually show that deg Yr {D) is finite for any divisor D on Yp.) 

In section we prove the following theorem, which can be viewed as a higher dimension 
analogue of ((TJ). 

Theorem 1. Assume that the Witt rank of L is if p = 1, and < 1 if p = 2,3 (and 
no restriction otherwise). If F is a meromorphic modular form of weight k with some 
character for the group T, then 



If Yp is compact (which can only occur if p < 2), this immediately follows from the 
Poincare-Lelong formula. However, if Yp is non-compact, it is not obvious at all, because 
of the singularity of Xp and the metric || • \\p et at the boundary. For modular forms whose 
divisor is a linear combination of Heegner divisors, the above formula also follows from |Kuj 
(2.31) and [Br] Corollary 4.24. Notice that for p < 2 the hypothesis on the Witt rank of L 
is clearly needed. For instance, we may view the classical Delta function A as a modular 
form on 0(2, 1) with respect to the orthogonal group of a lattice with Witt rank 1. By 
we also have to take account of the zero of A at the cusp oo. However, for p = 3 we do 
not have any counter-example, and it would be interesting to see whether the hypothesis 
on the Witt rank can be dropped. 

If if is a Heegner divisor on Yp, then degy r (if) can be computed explicitly (see |Kuj . 
BrKiij ). It is given by a Fourier coefficient of a certain Eisenstein series of weight l+p/2 for 



\\F{Z)\\l et = \F{Z)\\Z,Z) k . 




deg yr (div(F)) = fcvol(y r ). 
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the metaplectic group Mp 2 (R), and can be evaluated in terms of special values of Dirichlet 
L-series and generalized divisor sums. Therefore Theorem ^ has useful applications in this 
context. 

In section 0] we show: 

Theorem 2. Assume that the Witt rank of L is if p = 1, and < 1 if p = 2 (and no 
restriction otherwise). If F is a meromorphic modular form with some character for the 
group T, then log ||-F||p et is in L 1 (Yy, W), i.e. the integral J Y | log ||F||p et | £l p converges. 

In the same way as with Theorem ^ the assumption on the Witt rank of L is crucial, 
as for instance the example of the Delta function shows. Integrals of this type naturally 
occur in the arithmetic intersection theory of (regular models) of Shimura varieties (see 
e.g. |Ku| and jBBK]). 

The proof of the two theorems relies on the "curve lemma" for orthogonal groups (The- 
orem El here, see jFrlj Satz 5.8 and |Fr2j Satz 2.1 for the similar case of Siegel modular 
varieties). It can be used to approximate holomorphic charts of any desingularization of 
Xp at the Baily-Borel boundary. 

It seems plausible that the results of this note hold in greater generality for arithmetic 
quotients of Hermitean symmetric domains (under some condition on the codimension of 
the Baily-Borel boundary). However, Heegner divisors (see |KMj . |Loj . |Brj ) only exist for 
such domains associated with 0(2, p) or U(l,n), which is why we restricted ourselves to 
the 0(2, p) case. 

I thank E. Freitag for explaining the curve lemma to me and for various useful discussions 
on this note. Moreover, I thank U. Kiihn for his help. 

2. Preliminaries 

If R > 0, we let E(i?) = {z G C; \z\ < R}. For the unit disc E(l) we simply write E and 
put E = E — {0}. The upper complex half plane is denoted by H = {z G C; ^(z) > 0}. 
Moreover, if / and g are complex numbers or complex valued functions on some domain, 
then we write / <C g, if there exists a constant C > such that |/| < C\g\. 

Sometimes it is very useful to work with a tube domain realization of the Hermitean 
symmetric space 7i. Let z G L be a primitive isotropic vector. Then we may chose z' G V 
such that (z, z') = 1. The lattice K = Lr\z- L r\z' ± is Lorentzian, i.e. has signature (l,p— 1). 
Let C be the cone of positive norm vectors in K ^^l. Then JC Z = {Z G K®i<C; $S(Z) G C} 
is isomorphic to K, via the mapping Z i— > [Z + z' — Q(Z)z — Q(z')z]. The cone C consists 
of two connected components. One of these, denoted by C + , has the property that 

T~L Z — {Z G K ®z C; $S(Z) G C + } 

is mapped isomorphically to TC via the above mapping. The connected component of the 
orthogonal group of K ®% R viewed as a subgroup of C7° acts linearly on 7i z . If Z G H z , 
then we will often denote X = dt(Z) and Y = ^s(Z). A modular form F of weight k for the 
group T, can be viewed as a function on 7i z with a certain transformation behavior under V 
(see e.g. jBrj). The Petersson metric of F can be written as \\F(Z)\\ 2 Pet = \F(Z)\ 2 (AQ(Y)) k . 
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On 7i z the Kahler form Q is given by 

Q= -dd c log(Q(Y)) 

with d c = j-^(d — 9). Let ei, . . . , e p be a basis of K ®% R. If X G X ®z R, then we write 
X = (xi, . . . , Xp) = Xiei + . . . x p e p with Xj G R. It is easily checked that in these coordinates 
dQ(Y) = (Y,dY) and d c Q(Y) = —j-(Y,dX), where dX in the scalar product stands for 
the vector dX = (dx\, . . . , dx p ), and dY for the analogous vector in the F-coordinates. It 
follows that 

1 ( (Y,dX)(Y,dY) \ 

The (p — l,p — l)-form on 7i z is also easily computed explicitly If we put 

(2) dxj = {—iydx\ ■ ■ ■ dxj-idxj + \ ■ ■ ■ dx p , 
and define dyj analogously, then 

C 

(3) Q p = TTT^TSn / , \»>u, ■' v -tr\ ' < / .... ,..../;. 



where S = (Sy) denotes the Gram matrix of Q with respect to the basis ei, . . . , e p , S 1 = 
(s ij ) its inverse, and C = (^) p " 1 ^ 111 . 

The volume form fl p is up to a constant multiple equal to ^^J , where DX = dx\ ■ ■ ■ dx p 
and DY = dy\ ■ ■ ■ dy p (see also [BrKuJ). 

We will need the following elementary lemmas on vectors in the closure C + C K ®^ R 
of the positive cone C + . 

Lemma 3. a) If X±, X2 G C + , then (Ai,A 2 ) > and 

Q(Ai) + Q(A 2 ) < Q(Ai + A 2 ) < 2Q(Ai) + 2Q(A 2 ). 

b) If Ai,A 2 G C + are linearly independent (hence both non-zero) and Ai isotropic, then 
(Ai,A 2 ) >0. 

The proof is left to the reader. 

Lemma 4. Le£ Ai, . . . , A n G C + 6e linearly independent vectors. 

a) If n > 2, t/ien for any < A < 1 — 2/n we have 

(4) QihX, + ■■■ + t n \ n ) » t\ /n+A {t 2 ■ ■ ■ t n fl n ~ A ^\ 

uniformly for t\, . . . , t n G R>o- 

b) Moreover, if Q(Xi) > 0, then (0J actually holds for any < A < 2 — 2/n (and trivially 
also for n = 1 with A = 0). 

This can be proved by induction on n using Lemma El and the inequality between arith- 
metic and geometric mean. 
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3. The curve lemma 

We begin by recalling some facts on the Baily-Borel compactification of Yp (see |Loj and 
|BFj for more details). The zero-dimensional boundary components of Yp correspond to 
T-classes of one-dimensional isotropic subspaces of L ® Q. The one- dimensional boundary 
components of Yp correspond to T-classes of two-dimensional isotropic subspaces of L <g> Q. 

If B is a one-dimensional isotropic subspace of L <g> Q, then B eg) C defines a point in 
the zero-quadric Af = {[Z] G P(Vc); (Z,Z) = 0} C P(Vc). This is the zero- dimensional 
rational boundary component of TC corresponding to B. If B is a two-dimensional isotropic 
subspace of L (g) Q, then [S ® C] C A/". A subset of [JB <g> C], isomorphic to H, belongs to 
the closure of TC in P(Vc). This is the one-dimensional rational boundary component of TC 
corresponding to B. We write TC* for the union of TC with all zero- and one-dimensional 
rational boundary components of TC. The group V clearly acts on TC*. 

By the theory of Baily-Borel there is a certain topology on TC* such that the quotient 
Xr = T\H*, together with the quotient topology, has a natural structure as a projective 
algebraic variety, containing Yp as a Zariski-open subset. 

If s G TC* is any point and T s its stabilizer in T, then the natural map 

(5) T S \H* — ► T\TC* 

defines an open embedding of a small neighborhood of the image of s. If the group F is 
neat 1 , and s is contained in the rational one- or two-dimensional boundary component of 
TC corresponding to an isotropic subspace B C L <g> Q, then T s centralizes B, i.e. acts as 
the identity on it. In particular, if z G L n B is a primitive isotropic vector, then T s is 
contained in the stabilizer T z of z in T. 

The group T z can be described as follows. We chose a vector z' G L' with (z, z') = 1 and 
write K for the lattice Ldz 1 - Hz' as in section |21 We let A(L) C O(L) be the discriminant 
kernel of O(L), i.e., the kernel of the natural homomorphism O(L) — > 0(L'/L). By our 
assumption, T is commensurable with A(L). Hence T 2 is commensurable with the stabilizer 
A(L) Z , and it suffices (for our purposes) to consider the latter group. We first notice that 
the natural inclusion of 0(K <g> Q) into 0(L <g> Q) induces an inclusion of the discriminant 
kernels A(K) — > A(L) (but in general not of the integral orthogonal groups). Clearly 
A(K) stabilizes z. A second type of elements is given by translations. For any A G L H z L , 
the Eichler transformation 

x i— > £'(2;, A) (a;) = x + (x, z)X — (x, \)z — Q(X)(x, z)z (x G V) 

belongs to A(L) Z D G° and is unipotent. We identify with its corresponding group of 
Eichler transformations. The group A(K) acts on K and we claim that A(L) Z = A(K) kK. 
In fact, let g G A(L) Z . Since g fixes L'/L, the vector z' — ^z' is contained in L. It is clearly 
orthogonal to z and therefore E(z, z' — gz') G A(L) Z . One easily checks that E(z, z' — gz')g 
stabilizes z' and z, and consequently is contained in A(L) Z H 0(X (8> Q) = A(X). This 
proves the claim. The action of g = (U,T) G A(K) tx K on the tube domain TC Z is given 

1 Recall that a subgroup T' of an algebraic group H C GL(n, C) is neat, if for every 5 G V the 
multiplicative subgroup of C x generated by the eigenvalues of g has no torsion. Every arithmetic subgroup 
of H contains a congruence subgroup of finite index, which is neat (see |Bo| Proposition 17.4). 
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by 

gZ = UZ + T (ZeH z ). 
The following result is the fundamental for our later argument. 

Theorem 5. Let ^ : H m x K N — > Ti. z be a holomorphic mapping satisfying 
^(ri + l,r 2 , ...,r m ,w) = t/i*(ri, ...,r m ,w) + T u 

*(ri,r 2 , . . .,r m + l,w) = U m ^(n, ...,r m ,w) + T m , 

where U\, . . . ,U m G A(K), and 7\, . . . ,T m are translations in K, and w G E . Then 
Ui,...,U m are of finite order £ for some £ G N, and there exist semi-positive vectors 
Ai, . . . , A m G (if <8> Q) H C and a holomorphic function : E m x K N — ► 7i z snc/i i/iai 

*(n, . . . , r m , «;) = Am + • • • + A m r m + ^ (e 27ri ^, . . . , e 2 ™^, tw). 

Proof. Theorem El for m = 1 is the orthogonal group analogue of the curve Lemma for 
Siegel modular groups (see |Frlj Satz 5.8, |Fr2j Satz 2.1). It can be proved in a similar 
way. The case m > 1 can be reduced to the previous case by considering the functions 
(71, w) i— > ^(tl, . . . , T m , w) for i = 1, . . . , m, where the Tj-variables with j ^ i are being 
fixed. ' □ 

4. The integral of the logarithm of a modular form 

Proof of Theorem^ Without any restriction we may assume that T is neat and acts triv- 
ially on L'/L. 

Since X r is compact, it suffices to show that log ||F||p et is locally integrable near every 
point of Xr. This is easily done for the points of Yp. Thus we only have to consider the 
points of the Baily-Borel boundary dX^ = — Yp. In particular, in the case that Yp is 
already compact we are done. Because of our assumption on the Witt rank of L we may 
therefore assume that p > 2. 

According to Hironaka's theory there exists a desingularization tt : Xr — > Xr of Xr with 
respect to the divisor div(F) such that 7r~ 1 (div(i 71 )U(9Xr) is a divisor with normal crossings. 
Let a G <9Xr be a boundary point and a G Xr be a point with tt(o) = a. Let U C Xr 
and V C Xr be open neighborhoods of a and a, respectively, such that tt induces an 
isomorphism U — 7r _1 (div(F) U<9Xr) — > V — (div(F) U<9Xr). After a biholomorphic change 
of coordinates we may assume without loss of generality that U = E p , a — (0, . . . , 0) G E p , 
and 

(6) U H TX-\dX T ) = {((ft, . . . , q p ) G E p ; q x ■ ■ ■ q m = 0} 

(7) U n 7r- 1 (div(F)) = {(?!,..., q p ) G E p ; q n ■ ■ ■ q lu = 0} 

for some 1 < m < p and 1 < i\ < ■ ■ ■ < i u < p. Moreover, we may assume that V is given 
by the open embedding of a neighborhood of a boundary point s G Ti* above a as in (J3j). 
We obtain a holomorphic mapping of complex spaces 

4j : E m x E p - m — ► r 8 \n, 
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which can be continued to a holomorphic mapping E p — > T S \H* whose image is V. We lift 
•0 to a holomorphic mapping ^ : H m x E p ~ m — ► 7i of the universal covers and get the 
following commutative diagram: 



W 1 x E p - 



E m x E p ~ 



n 



r s \n 



E m x E p ~ m »- T S \H* 

The local integrability of log ||-F||p e t near a G X r is equivalent to showing that 

(9) / \r(io g \\F\\ Pet )\r(w) 

E(R)p 

converges for some < R < 1. 

Throughout we use r = (r 1; . . . , r m ) as a standard variable in H m , q = (qi, ■ ■ ■ ,q p ) as 
a standard variable in E p , and frequently denote w = {q m +ii ■ ■ ■ iQp 

) G E p - m . Since the 

diagram commutes, there exist elements gi, . . . , g m G Y s such that 

*(n + 1, t 2 , . . . , r m , io ) = 0l*(ti, • • • , r m , tu), 

*(ri,r 2 , • • • ,r m + l,ty) = g m ^{fi, ■ ■ .,r m ,w). 

The transformations g 1 , . . . ,g m do not depend on (t,w), because T acts properly discon- 
tinuously and freely. Moreover, they have to fix the boundary point s. 

Let z G L be a primitive isotropic vector such that T s C IV From now on we work 
with the tube domain realization 7i 2 of TC. By virtue of the remarks of section 01 we may 
conclude that any gi has the form g^Z = UZ + Tj, where Ui G A(fT), Tj G X, and Z G 7i z . 

In view of Theorem there exist semi-positive vectors Ai, . . . , A m G (iC ® Q) fl C and 
a holomorphic function ty : E p — > 7Y 2 such that 

*(r x , . . . , r m , = Ain + • • • + X m T m + ty (e 2niT \ e 2niTm ,w). 

Here we have used our assumption that T be neat and the fact that the translations Tj are 
unipotent to conclude that £ = 1 and U — 1. Consequently t/> is given by 

(10) V(<?) = 77— (AiLoggi H h A m Logg m ) + * (9)» 

where Log(-) denotes a fixed branch of the holomorphic logarithm on E — M<o- The fact 
that if)(q) G dX r , if = for some 1 < z < m, implies that Ai, . . . , \ m ^ 0. Using polar 
coordinates 

q. = rj e ip i (0 < tj < 1, < < 2tt), 
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we obtain for the imaginary part of ip: 



r(Y) = = -r- (Axlogn + • • • + A m logr m ) + 9f(* (?))- 

27T 



In order to prove the convergence of we have to find bounds for ^*(Q(V)) and for the 
functional determinant of ^. Since *&o(q) is bounded on K(R) P , this can be done by means 
of (mi) and (fTTj). 

Let /x be the rank of Ai, . . . , X m (1 < // < m). Without any restriction we may assume 
that Ai, . . . , A M are linearly independent. Using (fTTJ) and Lemma El we see that 

(12) < q (Ai log ri + • • • + logr M ) < ^*(Q(F)) < (logn) 2 + • ■ • + (logr m ) 2 . 

In view of (JZJ) the upper bound in particular implies that 



(13) 



|^*(log || p e t) | < | Iogri| H h | logr f 



uniformly on K(R) P . 

The complex Jacobi Matrix of if) is given by 



27TZ v 



A 



/C 1 



V 



Am/ 9m 
\ 



o) + J(* ;<z) 



+ J(^o;q) 



Op—mJ 



SA 



where A denotes the p x p matrix A = -L (Ai • • • A m ■ • • 0) . The fact that 
Ai, . . . , A M form a basis for the span of all columns of A implies that there is a matrix 
S of elementary row manipulations such that 

An * 
o "-. 

; ••. /. 
\o ■■• 

The diagonal elements hi, ■ ■ ■ ,1^ are non-zero such that the first \x rows are linearly 
independent. The rows // + 1 to p vanish identically. We find that the determinant of 
J(ip] q) is up to the sign equal to the determinant of 

(hx/qi * ■■■ *\ 




0/ 



V o 



I I q^ 
o 



* 

0/ 



+ SJ(y ;q). 



If we expand the determinant of this matrix successively by the first to the /x-th column 
and use the fact that SJ(^o] q) is bounded, we find that 

det(J(^;g)) <rr 1 ---r; 1 
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/ n v ny\ 

« r — — = V*(Q(*T P ) • I det J(V>; g)| 2 • rxdndpx • ■■r v dv v dp v 



(14) 



_ p dpi - ■ ■ dp p dr 1 - ■ ■ dr v 



In view of (fT3|) and (JHJ), to prove that the integral (jHJ) is finite, it suffices to show that 

| log r j | dpi • ■ • dp p dri ■ ■ ■ dr p 
V(Q(Y) P ) rv --tv 



(15) 

E(.R) 



converges for j = 1, . . . ,p. The case /i + 1 < j < p is easily treated using ([TB]) and left to 
the reader. For the case 1 < j < \l we may assume without loss of generality that j = 1. 
According to Lemma HJi> we may infer from the lower bound of ()12|) (respectively directly 
from Ijllj) . if /i = 1 and Ai is anisotropic) that 



(16) V>*(QQO) > I lognl (I logr 2 | ■ ■ • I log TV I) 



1/(^-1) 



uniformly on E(i?) p . Here the right hand side is understood as | logri|, if /j, — 1. Hence it 
suffices to prove that 



R 

(17) 

n=0 r p =0 

converges. Since 



dr\ ■ ■ ■ dr. 



r i ' ' ' r n ' | logr^ 1 • | log r 2 x ) • • • | logrJP'^ 1 ) 



R 

f dr 

(18) / r a - — < oo, for at > — 1 and (3 G 

J | logr|P 

r=0 

f dv 

(19) / — ^ <oc, for/3>l, 



r=0 



we find that the integrals over r 2 , . . . ,r p converge. Thus (|17|) is bounded by a positive 
constant multiple of 

R 

dr\ 

T\\ \ogTi\P~ 1 

ri=0 

This is finite if p > 2. However, if p = 2, then our assumption on the Witt rank of L 
implies that K is anisotropic. Hence, by Lemma EJd, we have the estimate 

(20) r(Q(Y)) » 



f | logri| 2 , 


if /i = 


1, 


| logri 1+£ logr 2 1_£ , 


if /i = 


2, 
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where e > is small. Consequently, 

( -l d pi dp 2 dndr 2 if/x=l, 
ib* Q p ) <T I I log n I 4 ' ^ 

^ \ lL ) ^ \ r -l r .-l d P1 dp 2 dndT2 if „ - 9 

\'l '2 |l ogr . 1 |2+2 £ | logr2 |2-2 £ , U /J — Z. 

The same argument as above then shows that the integral (|15p (with j = 1) is actually 
bounded by 

R 

dr\ 

ri | log ri | 1+6 
n=o 

for some small 5 > 0. This concludes the proof of the theorem. □ 

Remark. The argument of the proof of this theorem actually shows that log ||F||p et belongs 
to L 1+£ (X T , fiP) for some e > 0. 

5. The degree formula 

If Y is a complex manifold, we write C°°(Y) for the space of C°°-functions on Y. If X 
is any complex space, we define C°°(X) to be the space of those functions / : X — > C, for 
which for any holomorphic map h : Y — > X from a complex manifold Y to X the pull back 
satisfies h*(f) G C°°(Y). The subspace of compactly supported functions on X is denoted 
by C£°(X). Using local embeddings of X into some C , one obtains many C°°-functions 
with compact support by pull back. They can be used to construct a partition of unity, if 
X is paracompact. 

Proof of Theorem^ We may and will assume that V is neat and acts trivially on L'/L. If 
Yp is compact, the assertion is an immediate consequence of the Poincare-Lelong formula 
(see |CHj . |SABKj Chapter II. 1.4). In view of our assumption on the Witt rank of L we 
may therefore assume that p > 2. 

Since the Petersson metric and fF _1 are smooth on Yp, the Poincare-Lelong formula 
implies that for all a G C™(Y r ): 

(21) kjtt p a= J H^a- J \og\\F\\ 2 Pet n p - 1 dd c a. 

X r divx r (F) Xr 

We will show that this formula actually holds for a G C°°(Xp). This implies the theorem 
by taking a — 1. 

The Baily-Borel compactification Xr admits partition of unity. Hence it suffices to prove 
the assertion locally, i.e., that for every a G Xr there is a neighborhood V C Xr such that 
(l2*Tj) holds for all a G C£°(V). If a G Yp, this is a consequence of the Poincare-Lelong 
formula. We therefore assume that a G <9Xr is a boundary point. In this case the assertion 
is not at all clear, because of the singularity of the space X r and the metric || • \\p e t- 

We begin by preparing nice local charts using Theorem in the same way as in the proof 
of Theorem |21 We stick to the notation introduced before. We chose a desingularization 
7r : Xr — > Xp of Xr with respect to the divisor div(F) such that 7r _1 (div(F) U <9Xr) is 
a divisor with normal crossings. Let a G Xr be a point with 7r(a) = a, and let U C Xr 
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and V C X-p be open neighborhoods of a and a, respectively, as in the proof of Theorem 
121 After a biholomorphic change of coordinates we may again assume that U = W, 
a = (0, . . . , 0) G E p , and that (jBJ), (jZJ) hold. Moreover, we may assume that V is given 
by the open embedding of a neighborhood of a boundary point s e H* above a as in 
(JHJ). We obtain holomorphic mappings of complex spaces ip : E m x W~ m — > r s \H and 
^ : H m x W~ m — > 7^ such that the diagram (|SJ) commutes. By means of the curve lemma 

we find that there exist semi-positive non-zero vectors Ai, . . . , A m G (K <S> Q) H C and a 
holomorphic function : E p — ► 7i 2 such that 

*(r l9 . . . ,r m , w) = Ain + • • • + A m r m + ^o(e 2 ^ T1 , . . . , e 2 ™ r ™, w). 

There is a unique splitting of the divisor of ip* (F) into a sum 

dw(r(F)) = D 1 + D 2l 

where the support of Di is contained in E = {q G E p ; q\---q m = 0}, the exceptional 
divisor over dXr, and supp(-D 2 ) fl supp(i?) C {0}. We find that it suffices to show 

(22) k J ii*(tt p )a = J ijj\Vt p - l )a - j V*(log \\F\\ 2 P Jl p ~ l )dd c a 

Ep D 2 Ep 

for all a G C£°(E P ). We will prove this following the standard argument for the Poincare- 
Lelong formula and making sure that the various boundary terms caused by the singular- 
ities vanish. 

Let a G l7 c °°(E p ) and write r] = i)*(Q p - l )a. We put D = {q G E p ; qi ---q p = 0} = E p -W 
and note that log H-Fllp^ and r\ are smooth outside D. We have 

J r(log\\F\\% et )dd c ri = J d{r{^g\\Ff Pet )d c ri)- J (#*(log ||F|| 2 Pet )) (d c V ) 

Ep Ep Ep 

lim J d (^(log \\F\\ 2 Pet )d C V) + f (d^'Gog HFIIkt)) 

EP—B E (D) EP 

^(log||F|| 2 3 J(d c r / ) + | (d c ^(log||F||L)) (dq). 



— lim 

dBfr(D) EP 



Here B £ (D) denotes a tubular e-neighborhood of D. It follows from Lemma HI below that 
the limit of the integral over dB e (D) vanishes. Hence 

r(log\\F\\l et )dd c V = -J d{(d c r (log \\F\\ 2 Pet ))ri) + I (^(log||F||L))^ 

EP Ep 

lim J (d c r(log\\Ff Pet ))ri-kJrmV- 

dB £ (D) EP 
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We will prove in Lemma [7| below that 



lim f (d c ij* (log Q(Y)))t] = 0. 

£^0 J 



E 

8B £ (D) 



Consequently 

J iP*(\og\\F\\ 2 Pet )dd c ri = lim J (d c i}*(\og\F\ 2 ))ri-k J i;*(tt)ri. 

Ep 8B e (D) Ep 

It follows from Lemma |H1 that the first integral on the right hand side vanishes, if ip*{F) 
is a an invertible holomorphic function on W . Thus, by linearity we may assume that 
ip*(F) = q K for some 1 < k <p. It is easily checked that <i c log |g K | 2 = ^dp K . In Lemma |H1 
we show that 

1 , f , fo, if 1 < k < m, 

lim / dp K A rj 



2n e-+o J \ j 7], if m < k < p, 

dB E (D) K Qk 

concluding the proof of the Theorem. □ 
Lemma 6. For any n — 1, . . . ,p we have 

lim / | log r n | (d c rf) = 0. 

£^0 J 

dB e (D) 

Proof. In the same way as in (j2J we define 

dqj = (—lydqi ■ ■ ■ dq^idq^x ■ ■ ■ dq p , 

and dqj analogously It follows from (J3j) and (fTTj) that the (igjrfgj-component of if)*(Q p ~ l ) 
is bounded by a sum over 1 < A;, I < p of (p — 1, p — l)-forms of the form 

I log T\ 1 2 ~\~ ' ' ' ~\~ I log r m 1 2 — 

^*(q(Y)p) _ det(J ifc O; q)) det( J j; (^; q^dq^qj. 

Here Jik{i^',q) denotes the matrix obtained from the Jacobi matrix J(ip;q) by canceling 
the z-th column and the k-th row. 

Let Ajfc be the matrix obtained from A = (Ai • • ■ X m • ■ ■ 0) by canceling 
the z-th column and the fc-th row. Chose pairwise different indices a\, . . . , < m (with 
< /i < m — 1 and a t ^ i) such that the sub-matrix of corresponding to A 0l , . . . , A a 
consists of a basis for the vector space generated by the columns of A^. Then we find as 
in the proof of Theorem |21 that 

det{J ik {il);q))<r-i---r-i. 

In the same way there are pairwise different indices /3\, . . . , (3 V < m (with < v < m — 1 
and p t 7^ j) such that the sub-matrix of Aji corresponding to A^, . . . , \p v consists of a 
basis for the vector space generated by the columns of Aji, and 
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Consequently, the assertion of the lemma follows if we can show that 
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(23) lim 



|logr ra | 3 dq i dq j (d c a) 
"^o J tjj*(Q(Y)p) r ai • • • r a ^r Pl •••r Pu 

dB e (D) 



for all i,j, n = I,..., p. Since a has compact support, there exists a < R < 1 with 
supp(a) C K(R) P . It suffices to show that the contribution to the integral coming from 

S t {e, R) = {qE dB e (D) n E{Rf; \q t \ = e} = {q E E(R) P ; \ qi \, . . . , \q p \ > e and \q t \ = e} 

goes to zero in the limit for 1 < t < p. Here only the dp t dq t dq t component of dqidqj{d c a) 
gives a non-zero contribution. In particular the integral vanishes, if both, % and j, are 
different from t. Without loss of generality we may therefore assume that j = t. Because 
d c a is bounded, we find that it suffices to show 

( 9 , ) ^ ! , logr n | 3 dpidri ■ ■ ■ dp t -\dr t -\ ■ r t dp t ■ dp t+ idr t+1 ■ ■ ■ dp p dr p 



J r(Q(Y) p ) r ai ---r aii 

St(e,R) 

for all n = 1, . . . ,p. 

Let us first assume that ai, . . . , are all different from t. Then we may use the (poor) 
estimate ip*(Q(Y)) ^> 1 to infer that the integral in (J2"3j) is bounded by 



3 dri ■ --drt-i ■ dr t+1 ■ ■ ■ dr p 



R R R R 

(25) e j ... J ■ j ... j llogrv 

ri=s r t -\=e r t+1 =e r v =e 

For any B e R we have 

R (0(\\oge\ B+1 ), ifS>-l, 

(26) / |logr| B -^= ^0(log|loge|), ifS = -l, 

vie ' (0{1), HB<-1, 

as e — >• 0. Thus (|2*3jl is bounded by e \ log el* 7 for some C > as e — > 0, implying 

We now assume that one of the indices cti, . . . , is equal to t, say a% = t. Then in 
particular t < m and without loss of generality we may assume a\ — t — 1. We only 
consider the case that n = 1 as well, leaving the similar remaining case to the reader. It 
follows from Lemma 0^ with A = 1 — 2/p (respectively directly from (|TT|) if p — 1) that 

tp*(Q(Y)) > Q(X ai \ogr ai + • • ■ + A Qfi logr Q J 

> I log r ai | • (| log r a2 1 • • ■ | log r Qfi |) 1 ( " 1} . 
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Thus the integral in (}2"4"j) is bounded by 



/ | logr„, I- (| logrj • • • | logr.JP'"-" 
J r a2 ■ ■ ■ r Qfi 

p/{n—X) dr a2 ■ ■ ■ dr ail 



Si(e,R) 

<|loge| 3 - p / ••• / (|logr a2 | •••|logr c J) 



R 


R 






r a2 —e 


r a fl — £ 


P 





< I loge| 

Here, in the last line we have used ([26)1 . Hence we obtain (|24|1. if p > 3. In the case p < 3 
our assumption on the Witt rank of L implies that K is anisotropic. Therefore we may 
apply Lemma B]d with A = 2 — 2/p to infer that ip*(Q(Y)) ^> | logri| 2 . By means of (|2fi|) 
we find that the integral in (|24|) is actually bounded by | log£:| 2_2p+M <C | log^l" 1 , which 
implies flUJ). D 

Lemma 7. VFe /wue 

lim / (cf ^*(log Q(Y)))rj = 0. 



Proof. One can use the estimate ip*(Q(Y)) ^> | logri| + ••• + ] logr m |, and the fact 
that d c log \ qj\ 2 = ^dpj, to conclude that 

d c ip* (log Q(Y)) <C dpi H h dp m + r m+l dp m+1 H h r p dp p + dr x H h dr p . 

Here "-C" is understood componentwise. Thus the assertion follows from the estimate for 
in Lemma El □ 



Lemma 8. We have 



1 , f , 1 0, ifl<K<m, 

— lim / ap K A 77 



27T e-o J ' " I f 77, ifm<K<p. 

dB e (D) K qK 

In the latter case, the integral on the right hand side converges absolutely. 

Proof. We first consider the case that 1 < k < m, say k — 1. By the argument of Lemma 
El (using the notation of that lemma) it suffices to show that 

(27) lim f dpA ^ = 

S t (e,R) 

for all i, j, t = 1, . . . ,p and n — 1, . . . , m. The integral in (}2~Tj) vanishes, unless z = 1 and 
j = t, or i = t and j = 1. Without loss of generality we may assume that j — 1. 
If i < m, then integral is bounded by 

2 dpidr ± ■ ■ ■ dpt-xdrt-x ■ dp t ■ dp t+1 dr t+1 ■ ■ ■ dp p dr p 



logn 



St(e,R) 



i>*(Q(Y)P)-r ai ---r c 
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and «!, . . . , 7^ t. Since A ai , . . . , A Qm are linearly independent, after possibly renaming 
indices, we may assume that X t , \ a2) . . . , A a are also linearly independent. Hence, it follows 
from Lemma with A = 1 — 2/// (respectively directly from (jllj) if // = 1) that 

^*(Q(1T) » I \ogr t \ ■ (I logr Q2 | • ■ ■ I bgr a J) 1/(M_1) . 
Consequently, the integral in (|2"?j) is bounded by 

/" n |2 dpidrx ■ ■ ■ dp t _idr t _i ■ dp t ■ dp t+1 dr t+1 ■ ■ ■ dp p dr p Bp 3 _ p 
/ |^gr n | \p/(u— 1) I Aogci 

>/ I logr t |P ■ (I logr Q2 | ■ ■ • I logr Q J) -r^---r n 



St(e,R) 



We obtain (|27jl . if p > 3. In the case p < 3 our assumption on the Witt rank of L implies 
that K is anisotropic. We may apply Lemma B]d to deduce that the the integral in ()27jl is 
actually 0(\ loge| _1 ) as in the proof of Lemma El 

If t > m, then ai, . . . , ^ t and . . . (3 V t in (|2"7j). Hence, by means of the estimate 
■0*(Q(y)) ^> 1, we find that the integral in (|2"7)l is bounded by 



logr n 



2 dpidr 1 ■ ■ ■ dpt-xdr t -\ ■ r t dp t ■ dp t +idr t+ i ■ ■ ■ dp p dr p 



St(e,R) 



In view of (|26|) . this is <C e \ \oge\ c for some C > 0, yielding (|2Tjl. 

We now consider the case that m < k < p. In the same way as above, one shows that 

lim J dp K A 77 = 0, 

St(e,-R) 

if t ^ k. If t = k, then 

i-lim I dp K A V = J r,. 

S K (e,R) q K =0 

To obtain the absolute convergence of the integral on the right hand side we notice that 
only the dq K dq K - component of gives a contribution. Thus, by the argument of 

Lemma @ the integral is bounded by a sum of integrals of the form 

log r 1 1 2 H h I log r m | 2 dq R dq K 



a 

q K =0 



ip*(Q(Y)p) r ai ---r a/i rp 1 ---rp v 

logri| 2 H h I logr m | 2 dr x ■ ■ -dr R _x • dr K+ i ■ ■ ■ dr p 



M ' Pi 

R R R R 



ip*(Q(Y)p) 

ri=0 r re _i=0 r K+ i=0 r p =0 
R R 

logri| 2 H h I logr m | 2 dr 1 ■ ■ -dr r , 



ri=0 r m =0 



The convergence of this integral follows in the same way as before. □ 
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Corollary 9. The analytic degree deg Yr (D) of a divisor D on Y r only depends on the 
linear equivalence class of D. 

Theorem Q is very useful for determining the divisor of a given holomorphic modular 
form F for T of known weight. For instance, if we combine it with the explicit formula 
for the degrees of Heegner divisors on Yp (Proposition 4.8 in |BrKiij ) . we find that the 
assumption that div(F) be a linear combination of Heegner divisors can be dropped from 
Theorem 13 in [BKj . 
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